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Abstract 



A completion problem to recover a rational matrix function which 
is j-unitary on the line is treated. A Dirac type system with sin- 
gularities on the semiaxis is recovered explicitly by its left reflection 
coefficient. The close connection between these two problems is dis- 
cussed. 



1 Introduction 



Completion problems is an interesting domain closely connected with mo- 
ment and interpolation problems (see, for instance, [SI El IHl 1121 UHl 1211 12Z1 
2H])- In this paper we shall show that completion problems underlie explicit 
solutions of some classical and non-classical inverse scattering problems too. 
We call anmxm rational matrix function W{X), that tends to Im at infinity, 
weakly j-elementary if it is j-unitary on the real axis: 
a) W{X)*jW{X) = j for A on the real line M. 

Here Im is the mxm identity matrix, W* stands for the conjugate transpose 
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of matrix W, and j = j* = We call W regular in C+ if: 

b) W{X) has no singularities in the open upper halfplane C+. 

Notice that a matrix function W{X), that tends to at infinity, is called 
j- elementary rational factor in C+ if: 

c) W{XyjW{\) > j for A e C+, W{XyjW{X) < j for A G C_, 

but the weak requirement a) deals with the axis only. Partition now W into 
four blocks W = {Wkj}l j=i, where Wn is an nii x mi matrix. 

Our main completion problem is to recover a weakly j-elementary and regular 
function W by 

R{X) = W2iiX)WniX)-\ (1.1) 



The j-elementary and weakly j-elementary rational factors in C+ prove to 
be closely connected [301 HSl US] with the fundamental solution of the self- 
adjoint Dirac type (also called ZS or AKNS) system, which is a classical 
matrix differential equation: 



d 

dx 



u{x, A) = i{Xj + jV{x))u{x, A) (a; > 0), 



where m = rrii + m2, 



[1.2) 
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Dirac type systems are very well-known in mathematics and applications 
(see, for instance, 12011211123123123111111111^11 and references therein). The 
name ZS-AKNS is connected with the fact that system (jl.2|) is an auxiliary 
linear system for many important nonlinear integrable wave equations and 
as such it was studied, for instance, in [T1I21 123 123 1121 ■ 



For simplicity we shall further consider j of the form (jl.3p . First we solve in 
this paper the above mentioned completion problem. Then we treat Dirac 
type systems on the semiaxis with left reflection coefficient Rl satisfying 
fll.lj) . We consider mi x m2 rectangular and slowly decaying potentials v with 
singularities that are essential in the study of the multicomponent nonlinear 
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equations and soliton-positon interactions [1^1 [13 EHl HH HH] • Explicit solu- 
tions of the direct and inverse problems that generalize and develop earlier 
results from [SJ IHI are obtained. Various notions from the mathe- 

matical system theory will be widely used, and therefore an Appendix with 
basic notions and results from system theory is added to the paper. 

It is well-known jj^l 0] that any rational matrix function which is j-unitary 
on M and tending to Im at infinity can be presented in the form of the transfer 
matrix function 

W{X) =Im + tjA*oS^\XIn - (1.4) 

where a and 5*0 are square n x n matrices, Aq is n x m matrix, n is the 
McMillan degree of W, Sq = Sq, and the identity 

aSo - Soa* = iAojA* (1.5) 

holds. The transfer matrix functions of the special form (jl.4j) . (jl.Sp have 

been introduced and studied in jlHl-jlHl (see also the references therein). 

Regularity of W means that the spectrum of a in the realization ()1.4j) belongs 

to the closed lower halfplane C_. When 5*0 > we can substitute a, Sq, and 
_i 1 _i 

Aq in ()1.4|) . ()1.5|) by Sq '^oSq, In, and Sq ^Aq, respectively, i.e., without loss 
of generality we can assume that 5*0 = /„ in this case. Relations ()1.4|1 . ()1.5|) 
with = In take the form 

W{X) =Im + uA*(A/„ - a)-'Ao, a - a* = zAqjA*. (1.6) 

Notice that the matrix function in p.fjj) is a well-known Livsic-Brodskii char- 
acteristic function jSHj- Important applications of its multidimensional gen- 
eralization to the spectral and scattering theory one can find in EO] and 
the references therein. 

Theorem 1.1 (z) The weakly j -elementary, regular in rational matrix 
function W tending to at infinity is uniquely recovered by the m2 x nii 
matrix function R satisfying Al.l]) . This matrix function R is contractive on 
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M and tends to zero at infinity. 

(ii) Moreover, by each rational, contractive on M and tending to zero at infin- 
ity m2 X nil matrix function R we can recover a unique weakly j- elementary 
and regular in C+ rational matrix function W tending to Im at infinity, of the 
same McMillan degree as R, and such that / li.i)) holds. The matrix function 
W is recovered in the following way. Consider a minimal realization 

R{\) = C{Xh-Ay^B, (1.7) 

where n is the McMillan degree of R, i.e., the order of A, and choose the 
n X n Hermitian solution X = X* of the Riccati equation 

i{XA- A*X) = C*C + XBB*X (1.8) 

such that 

a{A + iBB*X) CC-. (1.9) 
Here a means spectrum and C_ is the closed lower halfplane. Next put 

a = A + iBB*X, So = X-\ 71 = S, -f = -iSoC*, (1.10) 

Ao = [71, 7]- 
Finally substitute iLlUj) into ( |i.y/| ) to construct W. 

[Hi) If W is a j-elementary rational regular factor in C+, then R is contrac- 
tive in C+, and vice versa if the conditions of (ii) hold and R is contractive 
in C+, then X in / Ii.ij^) -/ f7~17^) is strictly positive and the recovered W is a 
j-elementary rational regular factor in C+. 

The completion problem considered in [Hi) has been in a different way solved 
in |S1 (see also [121 the subcase of (iii), where mi = 777,2). When 
a (a) C M the matrix function W belongs to the class of Arov-singular j- 
inner matrix functions [OIIIIIIE]- The case a (a) C M corresponds to system 
(|1.2|) with the slow-decaying n-positon type potentials v jJHl- 

To prove Theorem 1 1.1 1 we shall need the following generalization (for the case 
of the sign-indefinite solutions X of the Riccati equations) of Theorem 4.2 
given in the interesting paper ^U] which is related to our work. 
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Lemma 1.2 Suppose the m2 x nii matrix function R is rational, contractive 
on M and tending to zero at infinity, and ji. 7| ) is its minimal realization. 
Then there is a unique Hermitian solution X of the Riccati equation H1.8\} 
such that m.y\} holds. This solution X is always invertible. It is also strictly 
positive if and only if R is contractive in C+ . 

This lemma is closely connected with several results from |37j . 

Lemma 11.21 and Theorem II. II will be proved in the Section 2. Explicit solu- 
tions of the direct scattering problem are given in Section 3 whereas explicit 
solutions of the inverse scattering problem are given in Section 4. An ap- 
pendix contains a collection of necessary notions and results from system 
theory. 



2 Completion problem 



Proof of Lemma 11.21 Denote by A complex value conjugated to A and 
by A^*, for some set M. of complex values, the set of complex values con- 
jugated to those in M.. By Theorem 21.1.3 in [HZ| there exists a Hermi- 
tian solution X of the Riccati equation (jl.8|) . (Indeed, the matrix function 
R{\)* = B*{\In - A*)~^C* is contractive on M simultaneously with R{\) 
and equation (21.1.6) in jSTj written down for i?(A)* coincides with fll.8|) .) 
We introduce the characteristic state space matrix 



K 



A BB* 
C*C A* 



T-^KT 



If X satisfies fll.8|) then we have 

A + iBB*X BB* 

(A + iBB*X) 

By (jT2|) we obtain 

a{K)\R = MUM* 



, T = 


' In 









In 



(2.1) 

(2.2) 
(2.3) 
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where M. is the subset of the eigenvalues of K in C_. The subset M. has 
the evident property: if /i G A^, then Jl ^ A4. Moreover, according to ()2.Hj] 
is a maximal set of non-real eigenvalues of K subject to this property. 
Now we can apply Theorem 7.4.2 in |nZ| to derive the existence and the 
uniqueness of the Hermitian solution X of the Riccati equation ()1.8|1 such 
that a{A + iBB*X) \ R = from the maximality of Ai and the existence of 
some Hermitian solution of (jl.8|) . (Though normalizations in Theorem 7.4.2 
in |37] are chosen for the right halfplane they are easily changed to suit C_.) 
Use again ((23) to see that jUl) yields a{A + iBB*X)\R = M. Therefore a 
Hermitian matrix X satisfying p.8j) and is unique too. Finally notice 
that by Theorem 21.2.1 in jHT] any Hermitian X satisfying (jl.8|) is invertible, 
and this X is strictly positive if and only if R{X)* has no poles in the lower 
halfplane. In other words X is strictly positive if and only if R{X) has no 
poles in C+, i.e., if and only if -R(A) is contractive in C+. ■ 

Proof of Theorem ll.il According to p.4|) . if A — > cxd then we get VFii(A) — *• 
Im, andW^2i(A) ^0. So i? of the form (dH) tends to zero. As l^(A)*jW(A) = 
j on M we have 

WuiXyWniX) - W2i{XrW2i{X) = I^,, (2.4) 

in particular. In view of (|2.4j) . R of the form (|l.ip is contractive on M. Thus 
the necessary requirements for R are proved. 

Suppose p.7|) is a minimal realization of some matrix function R contractive 
on M. By Lemma 11.21 there is a Hermitian X satisfying (jl.8p and (jl.9p . 
Therefore the procedure to recover W in theorem is well defined. Moreover, 
according to ()1.10|) the Riccati equation ()1.8p is equivalent to ()1.5|) . i.e., ()1.5|) 
is valid. In view of ()1.4|) and ()1.10j) we have 

WniX) = Im, + tllS^\Xh - W2i{X) = 

= -i^*So\XIn-a)-'^i. (2.5) 
Using formula ()5.4|) in the Appendix, from the first equality in fl2.5|) we get 

WuiXy' = Im, - ^llS,\Xl^ - 5)-^!, 9 = a- i^alS^' = A. (2.6) 
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From (|2.5j) and (j2.6|) we obtain 

M^2i(A)mi(A)-i = -ij*S,\XL^ - a)-^! 

-7*5o"'(A4 - a)-^7i7i*^o"'(A/n - Or'li. (2.7) 
Taking into account the identity 

7i7i5'o-^ = i{e -a) = -i{{XIn -9)- (A/„ - «)), 

we can rewrite ()2.7|) as 

W2i{\)Wii{\)-^ = -n*So\XIn - Oy'ji, (2.8) 

and the right-hand side of ()2.8|) coincides with R. In other words, equahty 
(ll.lj) is vahd. Moreover, the McMillan degree of the recovered W equals n, 
i.e., the realization (jl.4j) is minimal. Indeed, the right-hand side of has 
its McMillan degree less or equal to the McMillan degree of W, and so the 
McMillan degree of R is less or equal to the McMillan degree of W. Therefore 
the degrees of W and R are equal. The formulas p.4p and ()1.5|) yield the 
widely used equality 

W{XyjW{X) = J + t(X - A)A*(A/„ - aT'So\XIn - a)^%. (2.9) 

By ()2.9|) the function is a weakly j-elementary factor. According to ()1.9p 
and we have a{a) C C_, and so W of the form ()1.4|1 has no singular- 

ities in C+, i.e., W is regular. 

To prove uniqueness suppose that there is another weakly j-elementary reg- 
ular rational factor W in C+ of the McMillan degree n and such that the 
equality R = W2iW^i is valid. Then W admits a minimal realization such 
that 

W{X) = I^ + ijA*S^\XIn - a)-%, (2.10) 
aSo - Soa* = iAojK Aq = [71, 7], a(5)cC_. (2.11) 
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As R = W2iW-^^i^ the matrix function R admits another minimal reahzation, 
too: 

R{\) = C{XIn-A)-^B, (2.12) 

where 

A = a-i^alSo\ S = 7i, C=-iTSo' (2.13) 
(see (12. 8|) ). Therefore there is a similarity transformation matrix s such that: 

A = sAs-\ B = sB, C = Cs~\ (2.14) 

Taking into account ()1.8|) . ()1.9|) . and ()2.14|) . we see that the matrices X = 
{s*)~^Xs^^ and A + iBB*X = sas~^ satisfy the relations 

i{XA- A*X) = C*C + XBB*X, a{A + iBB*X) cC^. (2.15) 

By fl2.11|l and ()2.13|1 we see that X = Sq^ satisfies fl2.15|l . too. But, according 
to Lemma fl. 21 the Hermitian solution X satisfying ()2.15|) is unique, i.e., 

5^0 = sX-h* = sSqS*. (2.16) 

From (HHni), (EH, (1^^ - and (ITTH|) it follows that 

Ao = sAo, a = sas~^. (2-17) 

By (Hm), (jTHl), dSIini), and (jTTTjl we derive W = W, and so the uniqueness 
of W is proved. 

Finally, if W is j-elementary we get 

WniXyWnW - W2i{XyW2i{X) > Im, (A G C+), 

i.e., R*R < Imi — Thus the first statement in (iii) is proved. 

On the other hand, if R is contractive in C+, then by Lemma 11.21 we have 
Sq = X~^ > 0. Use now ()2.9|) to show that W is j-elementary. In this way, 
the second statement in (iii) is proved, too. ■ 

From ()1.5|) it follows that 

eSo-SoO* = -tAoAl e = a-i^iYiSo\ Ao = [71 t]- (2.18) 
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Similar to the formula (|2.9p we obtain for the matrix function 

s(A) = - tA;s,\xir. - ey'Ao (2.19) 

the equality 

S(A)*S(A) = + i{\ - A)A*(A/„, - e*)-'S,\XIn - ey^A^. (2.20) 

Therefore Theorem 11.11 yields the solution of the so called "minimal unitary 
completion problem". 

Corollary 2.1 Suppose that the m2 x rrii matrix function R is rational, 
contractive on M and tending to zero at infinity, and that ji. 7| j is its minimal 
realization. Then the matrix function S(A) given by the formula h2.1f^) and 
by the relations ^T^-^T^T^ is a unitary completion of R, where R is its left 
lower block, and has the same McMillan degree as R. 

The minimal unitary completion problem for the strictly contractive matrix 
functions has been solved in |^ (see also f37]). It will be shown in the next 
section (see formula ()3.35|) ) that one of the two unitary factors of the four 
block scattering matrix function for the Dirac type system takes the form 

3 Direct scattering problem for Dirac type 
systems 

Classical scattering results for Dirac type systems, the history, and literature 
one can find in [21] • For the more recent, matrix, and non-classical scattering 
results, see [HI 13 dl [HI I2D1 ES] and the references therein. Exphcit solutions 
of the direct and inverse scattering problems and nonlinear equations (soliton, 
positon, negaton solutions, in particular) are of special interest. 
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We shall consider system (jl.2|) with the so called pseudo-exponential mi x m2 
potential v of the form 

v{x) = -227i*e"'"*>S(x)-^e*""7, (3.1) 

where the n x n matrix function S is given by the formula 

S{x) =So+ Ait)A{tydt, A{x) = [e-^^'^Ti €^^"7] , (3.2) 
Jo 

a, 71, and 7 are n x n, n x mi, and n x m2 parameter matrices, and the 
following matrix identity is satisfied: 

a^o - 5'oQ!* = i(7i7* - 77*) {So = Sl). (3.3) 

Various direct and inverse problems for system (jl.2j) . (j3.1|) can be solved in 
terms of the parameter matrices explicitly. These problems for rapidly de- 
caying subclasses of v of the form ()3.1|) with a^a) C C_ were studied, in 
particular, in [H El HHj- When cr(a) fl M 7^ the potential v is slowly 
decaying and is not necessarily summable on any semiaxis (c, 00) [32.j. When 
a{a) C M the scattering matrix for system p.2|l . ()3.H1 on the whole axis 
equals J^, and in this case we have the supertransparent (n-positon) poten- 
tials |45J. The spectral theory of system p.2p . ()3.1|) on the semi-axis [0, 00), 
when nil = ''^2 and 5*0 = /„, was studied in jSUHSHE^l and other papers of 
the same authors cited therein. In particular, it was shown in Theorem 5.4 
in that without loss of generality one can assume: 

n— 1 n— 1 

a(a)cC_, span|J ImaS = C", span |J Ima'7 = C", (3.4) 
/=o 1=0 

where Im is image, and the pair a, 7 that satisfies the third equality in ()3.4p 
is called full range or controllable. We shall call the set of parameter matrices 
a, 5*0, 7i, and 7 admissible if relations ()3.3j) and ()3.4j) hold. Analogously to 
|321 the class of potentials v of the form 1)3.11) determined via ()3.2|1 by a set of 
admissible parameter matrices will be denoted by the acronym PE. In this 
and the next sections we generalize a part of results in [32j to include the 
cases mi 7^ m2 and potentials with singularities. (Singularities occur on the 
semiaxis when the inequality iSq > does not hold.) 
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Similar to the case mi = m2 the special m x mi and m x m2 solutions Y 
and Z, respectively, of system (|1.2|) we determine by the relations 



Y{x,X) 



'mi 





+ 0(1) 



[X 



oo 



Z(0,A) 



In 



(3.5) 



where A G M. In terms of these special solutions the so called left and right 
transmission and reflection coefficients of system ()1.2j) can be expressed via 



Tl{\) := yi(0, \)-\ Rl{X) := ^2(0, A) ^1(0, X)-\ 



Rr{\) :-- 
Tr{X) := 



( lim 



e-'"^Zi(x,A))( lim e"^Z2(x,A) 



Vx— >oo 



( lim e^^^Z2(x,A) 



(3.6) 
(3.7) 

(3.8) 



Here the mi x mi matrix Yi and the mi x m2 matrix Y2 are upper and 
lower blocks of Y, respectively. Analogously, the mi x m2 matrix Zi and 
the m2 X m2 matrix Z2 are upper and lower blocks of Z, respectively. The 
functions Tl and Tr are called the left and right transmission coefficients 
and Rl and Rr the left and right reflection coefficients, respectively. Then 
the four block scattering matrix function S is given by the equality 



S{\) 



Tl{\) Rr{\) 
Rl{\) Tr{X) 



(3.9) 



To construct Y and Z for system (jl.2p . (j3.1|) we shall need some preliminaries. 
The m X m solution u{x, A) of system (jl.2|) . (|3.1|) of the form 



u{x, A) = Wa{x, A)e 



ixXj 



(3.10) 



where 



Wa{x, X) = Im + ijAixyS{x)-\XIn - a)"^A(x), (3.11) 

and where n is the order of the parameter matrix a (and the dimension of the 
so called state space), was constructed in Theorem 3 in [IHl- See also PO] , 
where the case mi = m2 is treated in greater detail. The solution u admits in 
X a meromorphic continuation and is non-degenerate {detu 7^ 0). Therefore 
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it seems natural to call this solution fundamental even in the case of potentials 
with singularities. This definition agrees with the standard requirement for 
the fundamental and Jost solutions in the case of singularities to be defined 
by the same formula on the whole domain [71 Using ()3.10p we shall 
construct meromorphic in x solutions Y and Z that satisfy ()3.5|1 . 

Formulas (Q and yield 

aS{x) - S{x)a* = iA{x)jA{xy. (3.12) 

(Compare relations ()3.11|) and ()3.12|) with the relations ()1.4|) and ()1.5|) .) By 
the proof of Theorem 3.1 in we obtain 

Proposition 3.1 Let a, So, 71, and 7 be an admissible set of parameter 
matrices. Then we have 

X(A) = - ^7*^i^(-^^n - (3-13) 
where 

= lim R{x)-\ R{x) = e-^^"5(z)e^=^"*. (3.14) 

x— »oo 

Quite similar to (Q it follows from ^HJ^ and (HTT^ that 

Wa{x, X)*jWa{x, A) = 

= j + i(X - A)A(x)*(A/„ - a*)-^S{x)-\XIr, - a)-^A{x). (3.15) 

By Theorem 2.1 in |[45j matrix function Q{x) = e*^"5'(x)e~*^°* is monotonic 
and tends to infinity, when x — > 00. Thus there is xq such that S{x) > on 
(xo, 00). According to (j3.1ip and (j3.15|) for x e (xq, 00) the matrix function 
Wa{x, A) is rational in A and j-contractive in C_. 

From Proposition 13.11 it follows 



lim Wa{x, A) 







-'mi 

X(A) 
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Proposition 3.2 Let v G PE be determined by the admissible matrices a, 
Sq (det Sq 7^ 0), 7i, and 72. Then the solutions Y{x,X) and Z{x,X) of the 
system defined by the boundary conditions (jc/.^ are given by 



Y{x,X) = w„(2;,A)e"'^^' 
where 



'mi 





Z{x,X) = w„(x,A)e"'^^' 



Si(A) = -z7i*(A/„-a*)-^V7, ^ 

r/ie asymptotics of Z{x,X) at infinity is given by 

E,{X) 



lim e-*^^^Z(x,A) 



X(A)H2(A) 



(A e M). 



=i(A) 

=2(A) 



(3.16) 
(3.17) 



(3.18) 



Proof. The proof of equalities (|3.16p and (|3.18|) is straightforward. To 
prove equalities (j3.17|) notice that 



Si(A) 
S2(A) 



Wa{0,X)-^ 







(3.19) 



By (prTT|l and ^H^i we have 

w^{x,X)~' =jWo.{x,Xyj = I^-ijA{xyiXIn~aT'Six)-'Aix). (3.20) 
Formulas (ITT!I|l and (IT^ yield (jSTTj). ■ 

From Proposition 13.21 we derive 

Fi(0, A) = + tYiSo\XIn - a)-Si, ^2(0, A) = (3.21) 
= -z7*5'o'^(A/„ - a;)"Si, 

and 

lim e-"^Z,{x, A) = Hi(A), lim e^^^Z2(a;, A) = x(A)S2(A). (3.22) 
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Notice further that, according to formula (3.16) in we have 

x/ja — a*>CR + ixij77*Xij = 0. (3.23) 

Thus one can easily check that 

X(A)-1 = + lYiXIn - a*)-'^R7- (3.24) 

Using definitions dSIHIl-dSIHl) and reahzations (IT^ . (IT^ . and (IT^ we 
obtain the next theorem that gives explicit expressions for the reflection and 
transmission coefficients. 

Theorem 3.3 Let v G PE be determined by the admissible matrices a, Sq 
(det So 7^ 0), 7i, and 7. Then the transmission and reflection coefficients 
are given by the formulas 

Tl{X) = Inn - ^l*iSo\XIn - ey'li, = a- Z7i7i*%\ (3-25) 
RLiX) = -n*^o"'(A/n - ^)-Si, (3.26) 

Tr{X) = Im, - tl*S^\XIn - e)-\ln " ^0X^)7, (3.27) 

Rr{X) = -iilSo\XI„. - e)-\h - ^0X^)7 - hliXIn - «*)-'x/?7- (3.28) 

Proof. Compare (HT^ with (EH)) to derive (HT^ and (IT^ from 
and (|2.8|) . Notice further that in view of (jl.5j) we have 

a* - iS,^-i-i* = S^\Soa* - 277*) = S,\aSo - iml) = S,'9So, (3.29) 

where 6 is given by (j3.25|) . Therefore, taking into account Appendix one can 
see that 

^2{Xr' = - Z7*(A4 - {a* - tS,'^^*))-'S,'j = 
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Im2 - il*So (Xln - 



7- 



(3.30) 



By the identity ()1.5p and the second relation in ()3.25p we get 

77* = ^(^^0 - Soa*) = -z((A4 - e)So - 5o(A4 - a*)). (3.31) 

According to ()3.30|) and ()3.31|) by direct calculation similar to the one used 
to derive (12.81) we obtain 

(3.32) 



Si(A)S2(A)-i = -tjis,\xh - ey'j. 

Finally, by dSHI), (El), (Ell, and (HH?^ we have 

Rn{X) = -z7i^o"'(A/n - 9r'ixW-\ 



(3.33) 



T^(A) = {1^2 - ^1*S,\\I^ - ^)-i7)x(A)-\ (3.34) 

In view of (j3.24|) and (j3.31|) . formula (j3.34p yields (j3.27j) . whereas formula 
()3.33|) yields ()3.28|) . For the case = Im similar formulas have been proved 
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By (j3.9p Theorem 13.31 provides explicit formulas for the scattering matrix 
function 5(A), too. According to (jT^ . (HT^ . (HO!^ . and (HOUl we have 



Six) = S(A) 
where S(A) is given by (j2.19p . 



mi 

X(A)"^ 



(3.35) 



4 An inverse problem for Dirac type systems 

In this section we shall consider the inverse problem, that is we shall recover 
system (jl.2j) . (j3.1|) or equivalently v G PE by i?^. 
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Theorem 4.1 Let R be a proper rational m2 x nii matrix function. Then R 
is the left reflection coefficient of a system with v G PE if and only if R 
vanishes at infinity and is contractive on R. // R satisfies these conditions, 
then V can be uniquely recovered from R in two steps. First recover a set 
of parameter matrices a, So, 71, and 7 as described in Theorem \l.l\ Next 
construct v via formulas (jo/. i|) and (jc/.jjj) . 

Proof. From ()3.26|) it follows that the left reflection coefficient is always 
proper rational and vanishes at infinity. Notice that the four block scattering 
matrix function S{\) is unitary on M. Indeed, by fl3.35|) S{X) is the product 
of two matrix functions. The first factor S(A) is unitary by Corollary 12. H 
and the second one is unitary because it is j-unitary (see formula (j3.13p ) and 
diagonal. As 5(A) is unitary, so its block Rl is contractive, and the necessary 
conditions are proved. 

Now let Rhe a. proper rational 777,2 x matrix function which vanishes at 
infinity and is contractive on M. Then according to the proof of Theorem 
II. II the identity ()3.3p holds for the recovered by R parameter matrices a, 5*0, 
7i, and 7. Moreover, 5*0 is invertible and in view of ()1.9|) the first relation in 
(13. 4j) is true. Recall (see also Appendix) that if a pair A, B is full range, then 
the pair A — BK, B is also full range. By the minimality of the realization 
fll.Tj) the pairs A, B and A*, C* are full range. Thus by ()1.10|) the pair a, 
7i is full range, i.e., we get the second relation in ()3.4j) . Finally, notice that 
the pair SqA*Sq^, SqC* is full range simultaneously with the pair A*, C*. 
By firrnil . ^n^ . and (pr^ it means that the pair a + ij'y*So\ 7 is full 
range, and so the pair a, 7 is full range too. Therefore the third relation in 
fl3.4p is true as well. According to ()3.3|) and ()3.4p . the set a, So, 71, and 7 is 
admissible. Hence we can apply Theorem 13.31 As the realization ()1.7p can 
be rewritten in the form 

i?(A) = -z7*(A4-^)-S, 

where 9 = A = a — z7i7^S'(7^, one can see that R is the left reflection 
coefficient Rl of the system ()1.2|) with the potential v determined by the 
admissible set a, So, 71, and 7. 
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To prove the uniqueness of the recovered v suppose that there is another 
system with the potential v determined by the admissible set a, Sq, 71, and 
7, and with the same left reflection coefficient R. Repeat the arguments in 
the proof of the uniqueness in Theorem II .11 to get 

So = sSqs*, Aq = sAo, a = sas~^. (4.1) 

Taking into account ()3.2|) and ()4.H) we derive 

A(x) = sA{x), S{x) = sS{x)s*, (4.2) 

where S and A are the matrix functions defined via ()3.2j) for the second 
admissible set. Then formulas ()3.1|1 . (jUIJ, and the second equality in ()4.2|1 
yield v = v. ■ 



5 Appendix on mathematical system theory 

The material from mathematical system theory of rational matrix functions, 
that is used in this paper, has its roots in the Kalman theory [31], and can 
be found in various books (see, for instance, [ini 1221 EI] ) • Our presentation 
closely follows the presentation in [S2] • The rational matrix functions appear- 
ing in this paper are proper, that is, analytic at infinity. Such an m2 x nii 
matrix function F can be represented in the form 

F{X) = D + CiXIn-A)-^B, (5.1) 

where A is a square matrix of some order n, the matrices B and C are of 
sizes n x nii and m2 x n, respectively, and D = F{oo). The representation 
flS.lj) is called a realization or a transfer matrix representation of F, and the 
number ord(A) (order of the matrix A) is called the state space dimension of 
the realization. 

The realization ()5.H1 is said to be minimal if its state space dimension n is 
minimal among all possible realizations of F. This minimal n is called the 
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McMillan degree of F. The realization (j5.1|) of F is minimal if and only if 

n— 1 n—l 

span y Im A'^S = C", |J Im (A*)'=C* = C", n = ord(A). (5.2) 

k=0 k=0 

If for a pair of matrices A, B the first equality in (j5.2p holds, then the pair 
A, B is called controllable or a full range. If the second equality in ()5.2|) is 
fulfilled, then C, A is said to be observable. If a pair A, S is full range, and 
K is an mi x n matrix, then the pair A — BK, B is also full range. 

Minimal realizations are unique up to a basis transformation, that is, if ()5.ip 
is a minimal realization of F and if F{X) = D + C{XIn — A)~^B is a second 
minimal realization of F, then there exists an invertible matrix s such that 

A=sAs-\ B = sB, C = Cs-\ (5.3) 

In this case, (|5.3|) is called a similarity transformation. 

Finally, if F is a square matrix and D = Im, then F~^ admits representation 

F{Xy^ = Im-C{XIn-A'')-^B, A''=A-BC. (5.4) 
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